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% = £ ! Trigonometric Ratios and Measures of

Angles - A Historical, Cultural and
Pedagogical Viewpoint

CHOI Wai-fung, Brian

1. Introduction: Daily Teaching Viewpoint of Trigonometric

Ratios

Before learning trigonometric ratios, students have learned the
relationship among angles (such as angle sum of triangle), or
relationship among sides (such as Pythagoras’ Theorem). However,
apart from equal base angles of isosceles triangles, it seems that there
is no relationship between sides and angles. The introduction of
Trigonometric Ratios leads to another height of junior secondary

Mathematics by combining sides and angles together.

2. Explaining the Concept in Mathematics Textbook

This chapter is usually taught in F.2, after students learning
similar triangles. Various textbooks introduce the concept of

trigonometric ratios in the following ways:
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(i) Define the terminology of right-angled triangles (adjacent side,
opposite side, hypotenuse)

(if) Give several similar triangles, ask students to calculate the ratio
of certain sides.

(iii) Conclude that the ratios are constant.

Some textbooks may add daily life applications, e.g. find the

length of a ribbon of coloured flags, the height of a mountain etc.

All the above examples start from particular cases, and then
generalize them to all right-angled triangles. Such practice should not
be critized too much at junior secondary level in view of transition of
students’ learning in Geometry from intuition to deduction. Yet, the
learning outcome is not reached. Students do not have a way to
explore or to understand why we need to consider the ratios of sides
given in the “Activity”, nor they can figure out why ratios of some
sides are chosen in a particular way. For instance, instead of choosing
opposite side to hypotenuse, also known as sin @, why not reversing
the order which gives rise tocscé. It would be more beneficial to
students if certain attention is paid to the historical development,
despite of the tight teaching schedule every frontline teacher has to

face.
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Prior to looking at the historical origin of trigonometric ratios,
educators may lead to a more deductive approach within the
framework of junior form geometry. The following worksheet is used
to introduce the chapter by pre-requisite knowledge, namely similar

triangles and ratios of corresponding sides.

3. Introducing the Concept in a General Setting

Ratio of Sides of a Right—Angled Triangle

The figure shows AADE, where ZADE =90°. B and C are 2
points on AD and AE respectively so that ZABC =90°.

(@) Prove that AABC ~ AADE . E
In AABC & AADE,

/ABC =90° = /ADE (given)

ZCAB =0=ZEAD  (common)
ZACB + 6 +90°=180° (£sumof A)

ZAED +0+90°=180° (/sum of )
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- ZACB = ZAED

. AABC ~ AADE (AAA)

(b) Hence we have the ratio of corresponding sides:

AB BC AC
AD DE AE (corr. sides, ~ AS)

A

(c) If we rearrange the results in (b), we have

BC _AC B _AC AB_BC
DE AE AD AE AD DE
BC _DE AB _AD DE _BC
AC AE AC AE AD AB

(d) We can see that as the 2 right-angled AABC & AADE have the
same angle @, the ratio of lengths of sides are the same. These ratios
are called trigonometric ratios. They are given the following names:

sinH:E, cos&’:ﬁ and tanGZE.
AC AC AD
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4. Evaluation of the Approach

Students can fully understand parts (a) & (b). However, they
can’t see why we have to rearrange the terms in (b) to obtain some
equal ratios, nor the implications of the results in (c). Indeed, the
constant ratios imply that no matter the size of a right—angled triangle,
one of the acute angles can determine the ratios of all the sides. Some
students seem to understand, but simply accept or memorize the fact
(actually the formula), and then use calculator to solve problems with
satisfaction.

It is not easy for the students to see this idea until trigopnometry
of arbitrary angle is introduced. In that case, sine, cosine and tangent
are no longer ratios of lengths of sides, but in a more general setting.

They are ratios of x, y—coordinates of a point P and distance OP.

Despite of all the difficulties, teachers may attempt other
methods in the introduction stage. To cater for learning diversity,
geometric software could be adopted in which students can drag
certain points in the figure and “visualise” the ratio instantly.
Alternatively, teachers may start with an equilateral triangle and
divide it by an axis of symmetry. It is both intuitively and deductively

that the ratio of adjacent side and hypotenuse is 1: 2, regardless of the
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size of the triangle drawn. It acts as a natural transition for

trigonometric ratios of special angles of 30°, 45° and 60°.

Doubtless to say, all these measures take part of the lesson time
say 20 to 30 minutes. Yet a deeper understanding at the beginning of
the chapter may remove the obstacles of students’ learning and
teachers’ teaching not only in this particular chapter, but also the
journey of trigonometry in large and the perception of mathematics in
broad.

5. Historical Development of Trigonometric Ratios

The ancient Egyptians and Babylonians had known of theorems
on the ratios of the sides of similar triangles for many centuries.
However, as pre—Hellenic societies lacked the concept of an angle

measure, they were limited to studying the sides of triangles instead.

Ancient Greek and Hellenistic
mathematicians made use of the chord.
Given a circle and an arc on the circle,
the chord is the line that subtends the arc.

rcrd @
The perpendicular bisector of a chord 6

passes through the centre of the circle
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and bisects the angle. In modern terms, the “chord” function is

equivalent to sine ratio in the following way:
chord 6 =2sin g

Hipparchus of Nicaea (c.190-c.120 B.C.) was recognized as the
first mathematician and astronomer to possess a trigonometric table.
As a glimpse of his method, he divided the circumference into 360
degrees, and a diameter of the circle into 120 parts. Each part of the
circumference and the diameter is further divided into 60 parts, so on
and so forth. This is the Babylonians system of Sexagesimal fractions.
He tabulated values for the chord function, with an increment of angle
being 7.5°. His work was extended by Claudius Ptolemy (c.100—
€.170 AD) in his book Almagest Book I, Chapter XI.

It is noteworthy that the use of trigonometric ratios in that era
emerges from the studies of astronomy in which calculations of angles
and distances in a spherical setting rather than plane geometry.
Scientists were particularly interested in the motions of stellar objects,
time recoding calendar reckoning and navigation. In other words, the
studies of trigonometric ratios is never a purely mathematical
approach, but rather a real life demand in solving practical problems.
With such background in mind, students could appreciate the role of
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Mathematics in STEM education, as well as a holistic view of various

subjects including world history and geography.

6. Definition of Angle

The discussion of arc lengths and areas of sectors depend heavily
on the following concept: the ratio of arc lengths and the ratio of areas
of sectors are both equal to the ratio of angles subtended at the centre.
Itis avery intuitive idea, and students usually do not have any problem
in understanding even the “Activity” in textbook start with dividing a

circleinto 2, 4,8, ... ... parts.

Yet, such concept is not obvious when we come to the length of
chords. It can be explained by a simple example. Consider an
equilateral triangle with side length equal to the radius of a circle. A
vertex of the triangle is at the centre of the circle, while the other 2
vertices lie on the circle. Clearly the angle subtended at the centre is
60°, and the length of the chord is r. For a semicircle, the angle at the

centre is 180°, but the length of the chord, i.e. the diameter is 2r.
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60°

180°

angle ratio =1:3, chord ratio =1:2

One might argue that the measure of an angle is not “straight” as
opposed to the way of a chord is constructed. It sounds perfectly fine
for secondary students. Nevertheless, we might have to think deeper
how the way an angle is defined both qualitatively and quantitatively.
Apart from just saying in a vague way of “how large” is subtended a
point, do we assume the way of describing an angle by using the

concept of circle, in particular a sector, part of the circumference?
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Of course, we can always safely put it as a definition or an axiom
in the framework of Euclidean Geometry, just as we do in constructing
the grand system of rectilinear figures at the beginning of junior
secondary geometry. In the Elements Book I, definition 8, “A plane
angle is the inclination to one another of 2 lines in a plane which meet
one another and do not lie in a straight line.”. It seems that the
definition does not give an explicit account of whether an arc or a

circle is required.

So, the question of defining an angle and a circle becomes a
“chicken and egg” paradox. This looks philosophical and very likely
that is too much of students’ perception in their age. Yet for us
educators, a thorough understanding of the origin of an angle do helps
convince ourselves, as well as our students, the natural and unnatural

formula of arc length and area of sector.
7. Why 360° and other Units of Angle

The origin of setting a revolution as 360° could be more
mysterious than any other mathematical development. In the practical
side, 360 is close to 365 where the latter is a decent approximation of
number of days in a calendar year. In addition, 360 is a multiple of 1,

2, ..., 10 except the number 7. Such a deviation from denary number
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system indicates that the civilization creating such number is a big

fans to Sexagesimal system. Again that is the Babylonians.

But the problem is why not using 60 or 60x60=3600 ?
Inevitably we should rely on a circle again. A circle is subdivided into
6 parts which yields 6 equilateral triangles. As mentioned in previous
section, such construction is a natural choice as early trigonometry is
also based on chords of circle. Yet when it comes to natural, nothing
is more natural than using the radius of a circle as a reference. We
have seen that chords do not resemble angles nor arcs, it would be
much better to select the arc length and compare it with the radius.
And this is the definition of radian.

Babylonian treatment on angles

Such a new perspective was first adopted by Persian
mathematician Jamshid Al-Kashi (1380-1429), whose major

achievement includes the computation of the value of 27 up to 9
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sexagesimal places and the Law of Cosine. It was further developed
by English mathematician Roger Cotes (1682-1716), collaborating
with Isaac Newton for his book the Principia. The definition of 1 “unit”
of angle is the angle subtended at centre when the arc length is equal
to the radius. The size of an angle is defined as 1 radian. In this regard,

an angle @ subtended at the centre is simply the ratio of arc length s

and the radius r. In mathematical symbol, we have 6 = s Though it
r

is equivalent to the famous counterpart s =ré@, the former one gives
more sense to the idea of the angle rather than claiming that the latter
one saves much work in calculation, which students usually take it as

the main reason but not completely convinced.

Definition of Radian

48



8. Concluding Remarks

This short article aims to enrich in-service teacher in a deeper
understanding of development of mathematics, which usually differ
greatly from the flow of school curriculum. Apart from answering
potential queries from sadly a minority of enthusiastic students in
mathematics, teachers may appeal it to a much broader student body
who are initially not given the opportunity to view mathematics in a

more societal and cultural perspective.
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